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Abstract
We present a general relativistic version of the self-gravitating fluid
model for the dark sector of the Universe (darkon fluid) introduced in
Phys. Rev. 80 (2009) 083513 and extended and reviewed in Entropy
(2013) 559. This model contains no free parameters in its Lagrangian.
The resulting energy-momentum tensor is dustlike with a nontrivial
energy-flow. In an approximation valid at sub-Hubble scales we find
that the present-day cosmic acceleration is not attributed to any kind
of negative pressure but it is due to a dynamically determined negative
energy density. This property turns out to be equivalent to a time-
dependent spatial curvature. The obtained cosmological equations, at
sub-Hubble scales, agree with those of the nonrelativistic model but
they are given a new physical interpretation. Furthermore we have
derived the self-consistent equation to be satisfied by the nonrelativis-
tic gravitational potential produced by a galactic halo in our model
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from a weak field limit of a generalized Tolman-Oppenheimer-Volkoff
equation.
2
1 Introduction
It is now pretty clear that the present Universe undergoes a phase of accel-
erated expansion (see the recent reviews [1], [2]). On the other hand there
exists an overwhelming evidence for the existence of gravitational effects on
all cosmological scales (termed “dark matter”) which cannot be explained
by the gravitation of standard matter in the framework of General Rela-
tivity (GR) (see the review [3]). All of these data are in good agreement
with a Λ-cold dark matter (CDM) cosmology (see [1], [2] and the literature
cited therein). But this ΛCDM model suffers, at least, from the following
insufficiencies:
• Interpreted as the energy density of the vacuum the experimental value
of Λ turns out to be too small by a factor of 1054 (see [4]).
• None of the proposed DM-constituents has been observed (cp. [5])
• There is a CDM-controversy on small scales [6].
Other observations which are in disagreement with the ΛCDM model have
been recently listed by Kroupa [7].
One can find in the literature a large number of papers explaining either
the accelerated expansion and/or dark matter by changing either the geo-
metrical part of Einstein’s field equations (termed modified gravity) or the
matter part (addition of some scalar and/or tensor fields). We will not com-
ment on either of these attempts (for details see e.g. the reviews [1], [2] and
the literature cited therein). But we want to point out that all these proposals
are of a phenomenological nature, they contain either some new parameters
or even free functions. To overcome this freedom we need some new (i.e.
unconventional) physics which, however, should be based on known physical
principles (e.g. symmetry). Such a model containing no new constants in its
Lagrangian and based on Galilean symmetry (minimal gravitational coupling
of massless Galilean particles in agreement with the equivalence principle)
has been presented in [8], further developed in [9] and reviewed and extended
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in [10]. This nonrelativistic, unified model for the dark sector of the Universe
is an exotic fluid model, termed darkon fluid model, which contains beside
the standard hydrodynamic fields also a new vector field ~q(~x, t). This model
describes successfully observational data for the transition from a decelerat-
ing to an acceleration phase of the Universe as well as the flat behaviour of
galactic rotation curves [8], [10].
The aim of the present paper is to present a general relativistic version of
this model and to relate some approximate solutions of it to the corresponding
solutions of its nonrelativistic counterpart.
The paper is organized as follows: To get a self-consistent paper and
to have an appropriate starting point for its relativistic generalization we
present in section 2 a short review of the nonrelativistic model [8]-[10]. In
Section 3 we treat first the special relativistic generalization of the free model,
discuss the different options to consider classical spin contributions and, af-
ter a Belinfante transformation, we introduce gravitation by the principle
of minimal coupling. Also we discuss there the energy conditions. In Sec-
tion 4 we consider the dynamics of the coupled system of the Einstein field
equations and the relativistic darkon fluid equations of motion in spherical
geometry. Solutions of these equations at sub-Hubble scales which agree
with the cosmological solutions obtained by the nonrelativistic model are
treated in section 5. We show that these cosmological solutions turn out to
be completely different from those of the FLRW model. In section 6 we treat
the same coupled system of equations in non-comoving coordinates and de-
rive the self-consistent equation for the halo-gravitational potential derived
in [10], as a weak-field limit of the Tolman-Oppenheimer-Volkoff equation.
Some final remarks are presented in section 7.
2 Nonrelativistic, self-gravitating darkon fluid
In [8] we have introduced nonrelativistic massless ‘particles’ as a dynamical
realization of the unextended Galilei group. These ‘particles’ move in an
4
enlarged twelve-dimensional phase space [10] consisting of
• The ‘particle’ trajectory ~x(t)
• the momentum ~p(t), canonically conjugate to ~x(t)
• the velocity vector ~y(t)
and
• the reduced boost vector ~q(t) (called ‘pseudo-coordinate’), canonically
conjugate to ~y(t). .
In accordance with the Galilean algebra the corresponding ‘one-particle’
Hamiltonian H is given by
H0 = piyi, (1)
corresponding to, by a Legendre transformation, the Lagrangian
L0 = pi(x˙i − yi) + qiy˙i (2)
and so giving the equations of motion (EOMs):
x˙i = yi, p˙i = 0, q˙i = −pi, y˙i = 0. (3)
But such a ‘particle’ is not a classical particle in the usual sense as it is
not detectable by any finite-sized macroscopic measurement device because
• momentum and velocity vector are independent of each other and we
have no ability to measure the momentum,
• the boost vector ~q has, for fixed position ~x and velocity ~y an arbitrary
i.e. un-determined length.
For these reasons we have called these ‘particles’ darkons [9]; as they exist
only as elements of an exotic fluid whose self-gravitating version is a substi-
tute for what is usually called ‘dark energy’ and ‘dark matter’.
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To introduce the coupling to gravitation represented by the field strength
gi(~x, t) we have to require, in agreement with Einstein’s equivalence principle,
the validity of Newton’s law
x¨i(t) = gi(~x(t), t), (4)
which will be realized if we add to L0 an interaction part (minimal coupling)
Lint = −qigi. (5)
An important property of our darkons is the appearance of a macroscopic
spin: The conserved total angular momentum is given by the sum of the usual
orbital angular momentum and a 2nd term which we call, for convenience,
spin [10] (see also Mathisson [11])
Ji = ǫikl(xkpl + ykql). (6)
Note that the two terms in (5) act separately as generators of rotations in
the {~x, ~p} resp. {~y, ~q} parts of the phase space.
Now the question arises whether we can find some a simple physical sys-
tem which mimics one darkon coupled to an external gravitational field. To
get this we start with the 2nd order Lagrangian
L = −q˙ix˙i, (7)
which has been obtained from the Lagrangian (2) by the elimination of the
momentum pi. By introducing the point transformation
(xi, qi)→ (x+i , x−i ), with x±i ≡ xi ±
qi
2m0
, (8)
where m0 is a free mass-parameter introduced for dimensional reasons, we
obtain
L =
m0
2
(
(x−i )
2 − (x+i )2
)
. (9)
This is a system of two non-interacting point particles with their masses
having opposite sign but equal magnitude. The coordinates xi describe the
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motion of the geometric centre and qi/m0 describe the relative motion of
the two particles (therefore we have called qi ‘pseudo-coordinate’) So, the
vanishing mass of free darkons comes about by the cancellation of two mass
terms.
To arrive at the interaction Lagrangian (5) we start with the standard
expression for the interaction of two massive particles with an external grav-
itational potential
Lint = −m0 φ(~x−) + m0 φ(~x+). (10)
If we insert the expressions for x±i from (8) and perform a Taylor expan-
sion about xi we obtain, in lowest order,
Lint = qi ∂iφ + ..., (11)
which agrees exactly with our ansatz (5) if the field strength gi is given, as
usual, by the gradient of a potential gi = −∂iφ.
. We need to add a word of caution: The description just given cannot be
understood as a derivation of the Lagrangian (5) because the length of the
vector qi is unbounded and it is by not small when compared to the length
of the coordinate vector xi. So the physical picture given above serves only
for illustrative purposes.
To promote the ‘one-particle’ picture to a self-gravitating fluid we re-
place the ‘one-particle’ phase space coordinates Ai = {xi, pi, qi, yi} by the
continuum labeled by ~ξ ∈ R3 (comoving coordinates) Ai(t)→ Ai(~ξ, t).
The Lagrangian for our darkon fluid then becomes
L =
∫
d3ξ [pi(x˙i − yi) + qi(y˙i − gi)] + Lfield (12)
where, as usual
Lfield = − 1
8πG
∫
d3x g2i (~x, t). (13)
The Lagrangian (12) is invariant w.r.t. infinitesimal relabeling transfor-
mations ~ξ → ~ξ + ~α(~ξ) with ~∇ξ · ~α = 0 leading to the conservation law [9],
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[10]
θ˙i = 0 where θi ≡ −∂x˙k
∂ξi
qk +
∂xk
∂ξi
q˙k (14)
which, after elimination of the momentum field pi, allows us to reduce the
EOM for qi to a 1-st order equation [9], [10]. Then by means of the usual
transformations from comoving coordinates ~ξ to the fixed ones ~x = ~x(~ξ, t) we
obtain from the Lagrangian formulation (12) the Eulerian formulation given
by the Lagrangian [10]
L =
∫
d3x [nqi(Dtui − gi) − θ(n˙ + ∂k(nuk)) + nαDtβ] + Lfield, (15)
where n(x, t) denotes the ‘particle’ density. We have introduced the auxiliary
field
θi(~x, t) ≡ ∂ξk
∂xi
θk(~ξ)|~ξ=~ξ(~x,t)
and its Clebsch-parameterization θi = ∂iθ + α∂iβ.
Furthermore ~u denotes the velocity field uk(~x, t) ≡ x˙k(~ξ, t)|~ξ=~ξ(~x,t) and Dt
the convective derivative Dt ≡ ∂∂t + uk ∂∂xk .
Note that the Hamiltonian corresponding to the Lagrangian (15) is not
bounded from below. In [8] we have argued that this does not lead to any
stability problems.
The equations of motion (EOMs) following from the Lagrangian (15) have
been solved for
• the isotropic, homogeneous case (cosmology) in [8] resp. [10] (see also
section 5 of this paper),
• the spherically symmetric, steady state case modeling halos [10] (see
also section 6 of this paper).
3 General relativistic approach
3.1 Nongravitating, special relativistic case
We start our discussion with the nongravitating i.e. special relativistic case
for two reasons:
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• to discuss the notion of (zero) rest-mass in our enlarged phase space,
• to discuss the role of the spin-term within the energy-momentum tensor
(EMT).
The relativistic generalization of the action corresponding to the free matter
part of the Lagrangian (15) is then given by (we use the Minkowski metric
ηµν = diag(−1,+1,+1,+1))
S =
∫
d4x (nqνDu
ν − θ∂ν(nuν) + nαDβ), (16)
where we have defined the relativistic version of the convective derivative
by D ≡ uλ∂λ. We also require that the velocity field uν obeys the usual
constraint uνu
ν = −1.
From the Lagrangian (16) we derive the Euler-Lagrange EOMs
∂ν(nu
ν) = 0, Duν = 0, (17)
Dα = Dβ = Dθ = 0, Dqλ = qν∂λu
ν + θλ (18)
with
θλ ≡ ∂λθ + α∂λβ. (19)
Then the fist part of the EOMs (18) is equivalent to the EOM
Dθλ + θν∂λu
ν = 0 (20)
with the constraint
uλθλ = 0. (21)
It is easy to see that
• the four-momentum vector field, defined analogously to the EOM pi =
−q˙i in (3) by pµ ≡ −Dqµ, is space-like (from the EOMs one deduces
that pλuλ = 0),
• the second EOM in (18) is invariant w.r.t. the gauge transformation
qλ → qλ + ǫuλ, i.e. we can fix the gauge by choosing qλuλ = 0 so that
qλ becomes space-like.
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• the EOMs are invariant w.r.t. the shift symmetry qλ → qλ + cλ, θ →
θ − cλuλ, where cλ is a constant vector field. Note that this kind of
shift symmetry is characteristic for Galileon theories (cp section 2.1 in
[12]).
The fact that pµ is a space-like vector field could easily lead to the wrong
conclusion, that our darkons are tachyons (cp. appendix B in [8]). But,
as argued by Weyssenhoff and Raabe [13] in a similar context, we should
define the rest-mass as the energy in the rest system of the ‘particle’ given
by m0 = −uλpλ, which, however, vanishes in our case.
The Poincare invariance leads to the existence of two conserved currents
(cp. Appendix A in [14])
• From translational invariance we get the canonical, nonsymmetric energy-
momentum tensor (EMT)
Tˆ µν = npµuν (22)
• from the Lorentz invariance we get
Jν,αβ = xαTˆ βν − xβTˆ αν + Sν,αβ, (23)
where the spin tensor is given in our case by
Sν,αβ = nuν(uαqβ − uβqα) (24)
The conservation law ∂ν Tˆ
µν = 0 follows immediately from the EOMs.
Furthermore, the EOMs also give us
∂νS
ν,αβ = Tˆ αβ − Tˆ βα (25)
and so yield
∂νJ
ν,αβ = 0.
Note that the relativistic fluid described by the action (16) is a spin fluid
which, as usually, is described by a scalar density n, a four velocity uµ and
an anti-symmetric spin tensor Sαβ defined in our case by (see eq. (24))
Sαβ = n(uαqβ − uβqα). (26)
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Contrary to the standard relativistic spin fluid, our spin tensor (26) does
not obey the Frenkel condition [15]
Sαβuβ = 0, (27)
nor any other spin supplementary condition (for an exhaustive discussion of
all these conditions see e.g. [16]). It is an important property of our fluid that
we do not need such a supplementary condition as the dynamics of the spin
tensor (26) is completely fixed by the EOMs for n, uµ and the field qµ. But for
a standard relativistic fluid we need, besides the conservation law ∂νT
µν = 0,
also three additional equations to obtain a well determined system. These
additional equations are just the spin supplementary conditions (e.g. the
Frenkel condition (27)).
3.2 General relativistic dynamics
According to Hehl [17] we have now two possibilities for coupling our rela-
tivistic fluid to gravity
• To gauge away the spin tensor by a Belinfante transformation [18]
Tˆ µν → T µν = Tˆ µν + 1
2
∂λ(S
µ,νλ + Sλ,νµ + Sν,µλ) (28)
leading to a conserved, symmetric EMT
T µν = n(uµpν + uνpµ) + ∂λ(nu
µuνqλ) (29)
This EMT may then be used as a source term in Einstein’s field equa-
tions after we have performed the substitutions (30) (see eq. (38)).
• Consider spin as a dynamical variable by relating the spin tensor to
the torsion tensor in the framework of a Riemann-Cartan space-time
and use the canonical EMT (22) as the source term in Einstein’s field
equations.
11
In this paper we prefer to use the first possibility as in this case we
can reproduce, at sub-Hubble scales, the cosmological equations which are
valid for the nonrelativistic darkon fluid (section 5). To realize this we have
to apply the principle of minimal gravitational coupling (cp. [19]): So we
perform the substitutions
ηµν → gµν and ∂λ →∇λ (30)
in the special relativistic action (16). Here gµν is the metric tensor and ∇λ
is the covariant derivative ∇λAν = ∂λAν + ΓνλσAσ where the elements of the
connection Γνλσ are given by the Christoffel symbols.
To obtain also Einstein’s field equations from the principle of least action
we have to consider the total action
S =
∫
d4x
√−g(nqνuλ∇λuν − θ∇ν(nuν) + nαuλ∂λβ) + SEH , (31)
with the Einstein-Hilbert action SEH given by the well-known expression
SEH =
1
16πG
∫
d4x
√−g R, (32)
where g is the determinant of gµν , R is the Ricci scalar, n is the particle
density and uλ resp. qλ are the velocity field resp. the relativistic gen-
eralization of the pseudo-coordinate field. The scalar fields θ, α and β are
Lagrange-multiplier fields which originate from the relabelling symmetry (see
the nonrelativistic Lagrangian formulation in section 2).
From the action (31) we derive the darkon fluid EOMs (which, alterna-
tively, may be obtained by applying the substitution rule (30) to the special-
relativistic EOMs (17-21))
∇λ(nuλ) = 0, uλ∇λuν = 0 (33)
uλ∇λqν = qλ∇νuλ + θν (34)
and
uλ∇λθν + θλ∇νuλ = 0 with uνθν = 0 (35)
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where by (19) θν ≡ ∂νθ+α∂νβ and Einstein’s field equations (EFEs) are the
standard ones
Gµν ≡ Rµν − 1
2
gµνR = 8πGT µν . (36)
Here Rµν is the Ricci tensor and the EMT T µν is given by (38) given below.
We find again that the fields qλ and pλ ≡ −uν∇νqλ obey the constraints
uλqλ = u
λpλ = 0 (37)
and so they are space-like (recall that uλ is time-like, normalized by uλuλ =
−1).
3.3 Energy-momentum tensor (EMT)
The EMT (29), after having performed the substitutions (30), becomes
T µν = −n [uµuλ∇λqν + (µ↔ ν)] + ∇λ(nuµuνqλ). (38)
By using the darkon fluid EOMs the expression (38) can be brought into
its canonical form (see [20])
T µν = ρuµuν + kµuν + kνuµ, (39)
where for our model
ρ = ∇λ(nqλ) and kµ = n
(
qλ(∂λu
µ − ∂µuλ)− θµ
)
(40)
are the energy density resp. the energy flow vector seen by an observer
comoving with the darkon fluid.
Usually the vector kµ is called the ‘heat-flow vector’. But such a termi-
nology assumes, at least implicitly, that we have a description of kµ and ρ in
terms of a relativistic, irreversible thermodynamics (for the general frame-
work see [21], for an application to cosmology see [22]). But ρ and kµ are
completely fixed in our case by the darkon fluid EOMs. So it is an open ques-
tion whether they are accessible to a thermodynamic description or whether
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the arising energy flow is due to the generation of gravitational radiation. It
is outside the scope of the present paper to consider this question.
Note that the expression (40) for the energy density ρ is not positive
definite! So at least the weak energy condition is violated. But, as will
be shown in section 5, exactly this property of our model is crucial for the
model’s explanation of the present-day accelerated expansion of the Universe.
Energy conditions are constraints on the EMT of a general relativistic fluid
which, originally, has been thought as being necessary for the fluid ‘to be
physically reasonable’ (see [23] and the literature cited within). But it is well
known that e.g. the introduction of ‘dark energy’ within the FLRW model
(negative pressure with ρ+3p < 0) violates the strong energy condition. This
is in agreement with a very recent and general discussion in the framework of
extended theories of gravitation [24], which comes to the conclusion that the
violation of energy conditions is a general property in the presence of dark
energy.
4 Dynamics in spherically symmetric geom-
etry
The non-accelerated fluid (geodesic) motion (33) allows the consideration of
synchronous comoving (uµ = δµ0 ), spherically symmetric coordinates defined
by the metric
ds2 = −dt2 + B2(t, r)dr2 + Y 2(t, r)dΩ2. (41)
For this metric the space-like vectors qµ and θµ have only a non-vanishing
radial component
qµ = qsµ, θµ = θ˜sµ with sµ ≡ (0, B), (42)
where here, and in the following, the first component of a 2-dim vector de-
scribes the time-component and the 2nd one the radial component.
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The darkon fluid equations (33), (34) and (35) have the following form
resp. solutions
n(t, r) =
n0(r)
BY 2
,
( q
B
).
=
α(r)
B2
, θ˜(t, r) =
α(r)
B
, (43)
where n0(r) resp. α(r) are arbitrary integration functions. The energy den-
sity ρ defined by (40), then becomes, in terms of q and the metric
ρ =
1
BY 2
(n0q
B
)′
(44)
and obeys, due to the 2nd eq. in (43), the local energy conservation equation
ρ˙ + ρ
(
B˙
B
+ 2
Y˙
Y
)
− 1
BY 2
(
α(r)n0(r)
B2
)′
= 0, (45)
where and in what follows
′
denotes the derivative w.r.t. r.
Note that the velocity field uµ has vanishing vorticity in the spherically
symmetric case. Therefore the energy flow vector kµ reduces to
kµ = −nθµ. (46)
The Einstein-field equations (36) now become (cp. eq. (7) with A = 1 in
[25])
2
B˙
B
Y˙
Y
+
1 + Y˙ 2
Y 2
− Y
′2
Y 2B2
− 2
Y B
(
Y
′
B
)′
− κ
BY 2
(n0q
B
)′
= 0, (47)
2
Y¨
Y
+
1 + Y˙ 2
Y 2
− Y
′2
Y 2B2
= 0 (48)
B¨
B
+
Y¨
Y
+
B˙Y˙
BY
− 1
BY
(
Y
′
B
)′
= 0, (49)
− κ
2
n0(r)α(r) = Y B
2
(
Y
′
B
).
(50)
with κ ≡ 8πG where (47), (48), (49) and (50) represent, respectively, the 00,
rr, tangential and 0r-components of (36).
As a consequence of the covariant conservation of the Einstein tensor
∇νGµν = 0 (51)
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the four EFEs (47-50) are not independent of each other. Explicit calcula-
tions lead to the following results:
• The third EFE (49) is a consequence of the 2nd and the 4th EFEs (48)
and (50).
• The time derivative of BY 2× l.h.s. (47) vanishes as a consequence of
the other EFEs and the second EOM in (43).
These dependencies give rise to consistency relations which have to be re-
spected if we consider approximate solutions of the EFEs (see section 5).
For the discussion of approximate cosmological equations (see section 5)
it is also advantageous to express at least partially the EFEs in terms of
some kinematic resp. geometric quantities. Kinematic quantities are defined
by the EMT (see (39) with (46)) and the decomposition of the 4-velocity
gradient [20]
∇νuµ = σνµ + 1
3
θˆhµν , (52)
where θˆ ≡ ∇νuν is the volume expansion scalar and σνµ is the traceless shear
tensor which for our metric (41) takes the form
σνµ =
√
3σ (sνsµ − 1
3
hνµ) (53)
with σ ≡ 1√
3
(
B˙
B
− Y˙
Y
)
.
The tensor hνµ = gνµ + uνuµ projects onto the space orthogonal to the
4-velocity uµ. Note that in our case the decomposition (52) contains neither
a vorticity nor an acceleration term.
As a geometric quantity we also introduce the spatial Ricci scalar 3R (for
its definition see [26], section 1.3.5).
Next we consider the following equations which are derived from the EFEs
(47-50) (see [26],[27]):
• The Raychaudhuri-Ehlers (RE) equation
a¨
a
= −2
3
σ2 − 4πG
3
ρ, (54)
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where the generalized scale factor a(t, r)is defined by
a˙
a
≡ 1
3
θˆ. (55)
• The generalized Friedmann equation
a˙2 +
a2
6
(
3R − 2σ2) = 8πGρa2
3
, (56)
or, if we define an effective spatial curvature Keff by
Keff(t, r) ≡ a
2
6
(3R − 2σ2), (57)
eq. (56) becomes
a˙2 + Keff =
8πGρa2
3
. (58)
Note that we have Keff = (0,±1) in the FLRW case.
• From these equations and the relation
∇νkν = − 1
BY 2
(n0α
B2
)′
(59)
which follows from (46) and the 1st and 3rd EOM in (43), we easily
derive the time derivative of Keff
K˙eff =
4
9
a2θˆσ2 +
8πGa2
3BY 2
(n0α
B2
)′
. (60)
So we obtain the local energy conservation equation (45) in the form
ρ˙ + 3
a˙
a
ρ − 3
8πGa2
K˙eff +
θˆσ2
6πG
= 0. (61)
Note that these equations are not independent: The RE-eq. (54) follows
by time differentiation of (58) and the use of (60) and (61).
What about the contribution of baryonic matter within our model? Sup-
pose we describe baryonic matter, averaged over small scale inhomogeneities,
by dust moving with the same four velocity then the darkon fluid. Then our
cosmological equations contain only the total energy density ρ given by the
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sum of the darkon fluid and the baryonic dust contribution. We are unable
to discriminate between both contributions to ρ. This can be seen as follows:
To take into account baryonic matter we have to add to the EMT (39) a dust
contribution TBµν (ρ
B is the baryonic energy density)
TBµν = ρ
Buµuν , (62)
which is separately covariantly conserved
∇ρ TBµνgρµ = 0. (63)
Then ρB obeys the local energy conservation equation
ρ˙B + ρB
(
B˙
B
+ 2
Y˙
Y
)
= 0 (64)
and we have to add κρB to the r.h.s. of the 1st Einstein-field eq. (47). So
only the total energy density appears in (45). But the solution of the energy
conservation eq. (45) for the darkon fluid is only fixed modulo a solution of
the corresponding homogeneous eq. which is just given by (64).
Let us next show that, for isotropic coordinates,
Y (t, r) = rB(t, r). (65)
(48)-(50) enforces α(r) = 0: By equating (48) and (49) in the isotropic case
(65) we eliminate the time derivatives and obtain the well- known result (see
[28]) (
1
r
(
1
B
)′)′
= 0 (66)
with the solution
B(t, r) =
a(t)
1 + r
2
4
K(t)
(67)
where a(t) resp. K(t) are arbitrary functions of t. Now inserting (65), (67)
into (48) leads by a straightforward calculation to K(t) = K = const and,
therefore, to the vanishing r.h.s. of (50). But then the EMT contains only
a pure dust term which leads to a trivial cosmology (presence of only a
decelerating phase).
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5 Solutions at sub-Hubble scales
Unfortunately we are unable to solve Einstein’s eq.s for α 6= 0 exactly. So
let us look for approximate solutions at sub-Hubble scales r
r0
= ǫ≪ 1 (r0 =
Hubble radius) and take correspondingly for the derivatives (cp. [29])
∂r = O(ǫ
−1) and ∂t = O(ǫ
− 1
2 ). (68)
From (48) we obtain the exact relation
B =
Y
′
(1− b) 12 (69)
with
b = −(2Y¨ Y + Y˙ 2) (70)
Now we consider those metrics which have Y (t, r) ∝ r for small r. Then
we have b = O(ǫ) and therefore b may be treated as a perturbation.
Next we obtain, in leading order, from (50)
b˙(t, r) = 8πG
n0α(r)
Y Y ′2
, (71)
which, when compared with (70), leads to the consistency relation
−
(
Y¨ Y 2
).
= 4πG
n0α
Y ′2
. (72)
Then, in accordance with the interdependences of the EFEs described in
section 4, the 3rd Einstein eq. (49) is also fulfilled in leading order.
Instead of the 1st EFE (47), we use the RE eq. (54) yielding, in leading
order,
2Y¨ Y
′
+ Y¨
′
Y = −4πG
Y
(n0q
Y ′
)′
(73)
which, after multiplication by Y , can be integrated to give
Y¨ Y 2 = − 4πG n0q
Y ′
+ f(t), (74)
where f(t) is an integration function. But if we differentiate (74) w.r.t. the
time t and use the EOM (43) for q
B
, given in leading order by( q
Y ′
).
=
α
Y ′2
. (75)
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we obtain, by comparison with the consistency relation (72), that f must be
a constant. To get an analytic solution we put f equal to zero. So finally we
have to solve the coupled system of equations (74) for f = 0 and (75). To
do this we consider a separation ansatz for Y
Y (t, r) = a(t)y(r) (76)
leading by (74) to a separable form for q
q(t, r) = q0(t)q1(r) (77)
where, due to (75), we may normalize q1 so that
q1(r) = 4πG
α(r)
y′(r)
(78)
Then we get for q0 the equation(q0
a
).
=
1
4πGa2
. (79)
Finally from (74) we obtain
a¨a3 = 4πGK1q0 (80)
where y3y
′2 = −4πG
K1
αn0, (81)
and K1 is an arbitrary constant.
So the r-dependence of our solutions is completely specified by the choice
of the integration functions n0(r) and α(r) (for the case of cosmology we
refer to the next subsection). We note that the separable forms of Y and q
lead also to a separable form for the energy density ρ (44). Therefore the
appearance of a Perpetuum Mobile of the third kind (continuous transfer of
energy from one space region to another one) as advocated by Ivanov [30] is
excluded.
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5.1 Connection with the nonrelativistic darkon fluid
cosmology
Note that (79) and (80) have exactly the form of the cosmological equations
derived for the nonrelativistic darkon fluid in [8] resp. [10]. But which choice
has to be made for the two free functions n0(r) and α(r)?
For the cosmological solutions to be viable we have to require that the
energy density ρ as well as the darkon density n are functions of time only.
Now taking ρ from (44) in leading order and using the ansa¨tze (76), (77)
together with (81) we obtain
ρ(t, r) = − K1q0(t)
a4(t)y′(r)y2(r)
(y3(r)y′(r))′ (82)
So to get ρ = ρ(t) we have to choose y(r) = r×const. as expected. By fixing
the scale for r we can put this constant equal to one and we obtain
ρ(t) = −3K1q0
a4
. (83)
Analogously, the requirement that n = n(t) leads, due to the 1st eq. in (43),
to
n0(r) = r
2n00 (84)
and therefore, due to (81) to
α(r) = rα0 (85)
with
− 4πGn00α0 = K1, (86)
where n00 and α0 are arbitrary constants.
To get for the cosmological equations (79), (80) exactly the form derived
in [10] for the nonrelativistic darkon fluid model we define the function g(a(t))
by
g(a) ≡ 4πGK1 q0
a
(87)
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Then the 1st eq. in (43) as well as the eq.s (79) and (80) become
n(t) =
n00
a3
, g˙ =
K1
a2
and a¨ =
g(a)
a2
. (88)
The equations given in (88) are identical with eq.s (120)−(122) in [10]. For
the energy density (83) we obtain
ρ(t) = − 3g
4πGa3
. (89)
As shown in [10] the 2nd and 3rd eq. in (88) give rise to two conserved
quantities K2,3
K2 = a˙K1 − 1
2
g2 (90)
and
K3 =
g3
6
+ K2 g +
K21
a
. (91)
These conservation laws lead for the choice K2,3 > 0 (and consequently
K1 > 0) to a transition from an early decelerating phase of the Universe to
an late accelerating phase with a transition redshift [10]
1 + zt =
K3
K21
. (92)
What have we achieved?
We have shown that at sub-Hubble scales our general relativistic model
agrees with our nonrelativistic model with the latter showing the observed
transition from a decelerating to an accelerating phase of the Universe. But
the observed transition redshift lies somewhere between 1
2
and 1(cp. [31])
which, at least for the ΛCDM-model, corresponds to a luminosity distance
of the order of the Hubble radius (cp. Fig. A 2.3 in [32]). So we are not yet
able to prove this transition for our relativistic model. But what remains is
an interesting result on the behaviour of the spatial curvatures at sub-Hubble
scales. To get this we insert first of all our last results into (70) resp. (71)
and obtain
b(t, r) = r2K(t) with K(t) = −(2a¨a + a2) (93)
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resp.
K˙ = −2K1
a3
. (94)
So the metric function B(t, r) (69) becomes
B2(t, r) =
a2(t)
1− r2K(t) . (95)
Next we show that K(t) may be identified with the effective spatial cur-
vature Keff introduced in (57).
First of all we insert the energy density ρ from (89) into the 3rd eq. of
(88) and obtain the standard cosmological RE-eq. with vanishing pressure
3a¨
a
= −4πGρ. (96)
Eliminating a¨ in (93) by means of (96) we obtain the fundamental Fried-
mann eq. [33]
a˙2 + K(t) =
8πG
3
ρa2, (97)
but with a time dependent spatial curvature K(t), which agrees with the
generalized Friedmann eq. (72) if we identify at sub-Hubble scales
K(t) = Keff . (98)
For the sake of completeness we remark that the energy conservation eq.
(45) now takes the form
ρ˙ + 3
a˙
a
ρ − 3
8πGa2
K˙ = 0, (99)
which is in agreement with its general form given in (61) (note that the shear
σ vanishes in the leading order).
Finally we may express K(t) in terms of the function g(a) which has been
defined in (87) and can be determined by the solution of the cubic eq. (91)
K(a) = −
(
2
g(a
a
+
1
K21
(K − 2 + 1
2
g(a)2)2
)
. (100)
Let us summarize: At least the observed present-day accelerated expan-
sion of the Universe is determined in our general relativistic model by a
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negative energy density (see eq. (96)) or, equivalently, by a time dependent
spatial curvature (see eq. (97)). But the behaviour of the spatial curvature
at larger redshifts deserves for further studies.
Note that a time dependence of the spatial curvature with a possible sign
change during evolution is already known for the Stephani solution of the
EFEs [34], [35].
6 Non-comoving coordinates and modeling of
halos
In this section we consider the darkon fluid moving in the radial direction
relative to the cosmic rest system (CRS). The metric in the CRS is assumed
to be given by Schwarzschild-like coordinates. We will
• derive the darkon fluid EOMs and the Einstein field equations by choos-
ing the energy-frame (vanishing heat flux) for the CRS (see [36]),
• look for weak field solutions which arise to be equal to the nonrelativis-
tic stationary solutions derived in [10] modeling halos.
6.1 Cosmic rest system (CRS)
Schwarzschild-like coordinates are defined by the spherically symmetric met-
ric
ds2 = −e2φ(t,r)dt2 + e2λ(t,r)dr2 + r2dΩ2. (101)
This metric is assumed to be valid in the CRS defined by a time-like unit
vector nν and a space-like unit vector sν
nν ≡ (e−φ, 0), sν ≡ (0, e−φ) (102)
such that the CRS becomes the energy frame (vanishing heat flux) i.e. the
EMT (39) takes in the CRS frame the form
T µν = ρ⋆(t, r)nµnν + p⋆r(t, r)s
µsν , (103)
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where ρ⋆, resp. p⋆r are the energy density, resp. the radial pressure in the
CRS. Note that (103) contains no transversal pressure pt as (39) is free of it
(radial movement does not change pt).
The darkon fluid is assumed to move with velocity v in the radial direction
relative to the CRS. Then the four-velocity uµ resp. the vector θµ are given
by
uµ = γ(nµ + vsµ), θµ = θ˜γ(vnµ + sµ), (104)
where γ(v) ≡ (1− v2)− 12 .
Comparing (39) with (103) and using (104) we obtain
ρ⋆ =
ρ
1 + v2
and p⋆r = −ρ⋆v2, (105)
where v(t, r) is determined by the requirement of the vanishing heat flux in
the CRS
ρ⋆v − nθ˜ = 0. (106)
6.2 Einstein’s field equations
With the metric (101) and the EMT (103) we get for the Einstein-field equa-
tions (see [37] and the literature cited therein)
κρ⋆ =
1
r2
(r(1− e−2λ))′, (107)
κp⋆r =
1
r2
(−1 + e−2λ(1 + 2rφ′)) , (108)
0 = φ′′ + φ′2 − φ′λ′ + φ
′ − λ′
r
, (109)
in which we had already used (110), and
0 = λ˙. (110)
Using (110) in (107) we get immediately
ρ˙⋆ = 0 (111)
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6.3 Darkon fluid EOMs
From the darkon fluid EOMs (33-35) and (110) we get by using the metric
(101) and eq. (104) for uµ, resp. θµ:
• the continuity eq. (1st eq. in (33)) becomes
0 = e−φ n˙ + e−λ
(r2nv)′
r2
(112)
• the Euler eq. (2nd eq. in (33)) becomes (cp. [37], eq. (17))
0 = e−φ v˙γ2 + e−λ(vv′γ2 + φ
′
) (113)
and
• by using qµ = qγ(vnµ + sµ) we obtain from (34)
e−φγq˙ + γe−λ(vq′ − qv′) = θ˜, (114)
where, due to (35), θ˜ obeys the EOM
eλ(θ˜γ). + (θ˜γveφ)′ = 0. (115)
Finally we may express ρ⋆ defined by (40) and (105) in terms of the metric
and the darkon fluid fields and we get
ρ⋆ =
γ
r2
e−λ (r2qn)′. (116)
Sometimes it is useful to use instead of the darkon fluid EOMs the EOMs
for ρ⋆ resp. p⋆r which follow from the covariant conservation of the EMT
∇µT µν = 0 (117)
We recall that (117) can be derived either from the Bianchi identities for the
Riemann tensor or directly from the darkon fluid EOMs. From the time-like
part of (117) we reproduce (111) whereas the space-like part leads to the
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generalized Tolman-Oppenheimer-Volkoff (TOV) equation (see [38]) which
in our case takes the form
(ρ⋆ + p⋆r)φ
′ + 2
p⋆r
r
+ (p⋆r)
′ = 0. (118)
Elimination of θ˜, a conservation law
By inserting θ˜ from (106) into
• (115) and using (111), (113) and (118) we observe that (115) is identi-
cally satisfied.
• (114) and using (116) for ρ⋆ we obtain
e−φq˙ = e−λ
q
nr2
(vnr2)′. (119)
Combining (112) with (119) leads to the conservation law
(nq). = 0. (120)
6.4 Some exact relations
Here we derive some exact expressions which follow from the coupled system
of Einstein field eq.s and darkon fluid EOMs.
By using (110), (111) and (120) we conclude from (116) that
v˙ = 0 (121)
and therefore the 2nd eq. in (105) leads to
p˙⋆r = 0, (122)
which, when used in the 2nd Einstein eq. (108) gives
φ˙
′
= 0. (123)
Eq. (123) can be easily integrated to give
φ(t, r) = φ0(r) + φ1(t), (124)
where φ0 and φ1 are arbitrary functions of r and t, respectively. Finally, by
using (121) and (124), the Euler eq. (113) can be integrated to give
φ0(r) =
1
2
log(1− v2(r)). (125)
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6.5 Weak field limit for the Tolman-Oppenheimer-Volkoff
(TOV) equation
As a weak field limit we understand a space-time described by a small per-
turbation of the Minkowski metric at sub-Hubble scales (cp. [39]).
To be specific we follow the procedure of Green and Wald [29] and put
(ǫ≪ 1)
φ = O(ǫ), λ = O(ǫ), v = O(ǫ
1
2 ), ∂r = O(ǫ
−1), ∂t = O(ǫ
− 1
2 ). (126)
Then we obtain in leading order:
• From (118)
ρ φ′0 − 2
ρv2
r
− (ρv2)′ = 0. (127)
• From the 2nd, resp. 3rd Einstein eq. (108) resp. (109)
λ(r) = rφ′0(r), (128)
which, when combined with the 1st Einstein eq. (107), leads to the
Poisson eq.
4πGρ =
1
r2
(r2φ′0)
′. (129)
• From (125)
φ0 = −1
2
v2. (130)
If we now insert (129) and (130) into (127) we obtain
3(r2φ′0)
′φ′0 + 2φ0(r
2φ′0)
′ = 0. (131)
Multiplying (131) by (−2φ0) 12 (integrating factor) we obtain(
(−2φ0) 32 (r2φ′0)
)′
= 0, (132)
which, after integration, leads to the following nonlinear ordinary differential
equation for the gravitational potential ( β = const.)
(r2φ′0)
′ =
β
2
(−2φ0)− 32 , (133)
which was derived in [10] as the stationary solution of the spherically sym-
metric, nonrelativistic darkon fluid equations.
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6.6 Modeling halos
In [10] we used the numerical solutions of (133) to determine the circular
motion of a star in the potential φ0 given by the formula (see [40])
vˆ2(r)
r
= φ′0(r), (134)
where vˆ is the rotational velocity of the star. Thus, if all stars of a galaxy
are in circular motion the graph of vˆ gives the galactic rotation curve. We
recall that the results reported in [10] are in qualitative agreement with
observational data.
7 Final remarks
In this paper we have generalized our nonrelativistic darkon fluid model
(NDFM), introduced in [8] and enlarged and reviewed in [10], to the frame-
work of General Relativity. Our relativistic model contains, as is the case for
the NDFM, no free parameters in its Lagrangian. This feature distinguishes
our model, to the best of our knowledge, from all other models for dark en-
ergy resp. dark matter. The relativistic model reproduces, at sub-Hubble
scales, the cosmological equations derived from the NDFM (section 5) and
in the weak field limit the nonlinear differential equation satisfied by the
gravitational potential for stationary solutions of the NDFM (section 6). We
recall that the NDFM predicts qualitatively correct values of the late time
cosmic acceleration as well as the flat behaviour of galactic rotation curves
[8], [10]. Note that the derivation of already known results from approximate
solutions of the relativistic model has led to new insights resp. physical in-
terpretations: our nonrelativistic cosmological equations are different from
the FLRW model. The cosmic acceleration is not attributed to a negative
pressure (e.g. a positive cosmological constant) but it is due to a dynamically
determined negative energy density. This property turns out to be equivalent
to a time-dependent spatial curvature. In this our relativistic model is very
different from the model of dipolar dark matter and dark energy advocated
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by Blanchet and Tiec [41], [42]. These authors consider in [41] a relativistic
action which, to some extent, is equivalent to ours but it differs mainly by
the addition of an ad hoc internal force depending on the polarization field.
This phenomenological internal force mimics a cosmological constant. Thus,
their background model is the ΛCDM model which is completely different
from our model.
Finally we note that the comparison of our nonrelativistic model with
the ΛCDM-model with H(z) data (see Fig 1. in [10]) suggests that it will be
possible to discriminate between these two models only at larger redshifts.
We have managed to derive the nonrelativistic gravitational potential
produced by a galactic halo in our model from a weak field limit of the
generalized Tolman-Oppenheimer-Volkoff (TOV) equation. But in contrast
to the original application of TOV (hydrostatic equilibrium within a star) we
have derived and applied the generalized TOV to a non-equilibrium situation
given by non-comoving coordinates.
The main aim of the present paper was to present a general relativistic
version of the NDFM and to look at its approximations which reproduce
either the cosmological or the stationary solutions of the NDFM. This we have
achieved but we are aware of the fact that further work on the consequences
of the relativistic model is called for.
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